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Abstract 

The scalar theory is ultraviolet (UV) quadratically divergent on ordinary spacetime. 
On noncommutative (NC) spacetime, this divergence will generally induce pole-like in- 
frared (IR) singularities in external momenta through the UV/IR mixing. In spontaneous 
C^l ■ symmetry breaking theory this would invalidate the Goldstone theorem which is the basis 

S I - - ~— - — > * — - - - - - - 

in the U(N) linear a model which is known to be free of such IR singularities in the 
Goldstone self-energies at one loop. We analyze the structures in the NC parameter (9^) 
dependence in two loop integrands of Goldstone self-energies. We find that their coeffi- 
cients are effectively once subtracted at the external momentum p = due to symmetry 
relations between 1PI and tadpole contributions, leaving a final result proportional to a 
quadratic form in p. We then compute the leading IR terms induced by NC to be of 

■ order p 2 ln(9 fiu ) 2 and p 2 lnp 2 (p^ = 9 liv p l/ ) which are much milder than naively expected 

r> ' 

without considering the above cancellation. The Goldstone bosons thus keep massless 

\ 

and the theorem holds true at this level. However, the limit of 9 — > cannot be smooth 
any longer as it is in the one loop Goldstone self-energies, and this nonsmooth behaviour 
is not necessarily associated with the IR limit of the external momentum as we see in the 



term of p 2 ln(^ p ^ 
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1 Introduction 



Quantum field theory on noncommutative (NC) spacetime may be formulated in terms of 
the Moyal-Weyl correspondence [J]]. Namely, one still works on commutative spacetime 
but replaces the usual product of functions by the star product, 



0W 2 )(x) 



(i) 

y=x 



where x, y are the usual commutative coordinates and 6^ is a real, antisymmetric, con- 
stant matrix characterizing the noncommutativity of spacetime, [2^,5^] = i9^ v . At the 
classical action level, while the star product in the bilinear terms may be identified with 
the usual one for rapidly decaying functions at spacetime infinity, it does modify the in- 
teraction terms by introducing a phase which in momentum space depends on 9^ and 
the momenta of fields involved. At the quantum level the phase results in a new feature 
never seen in ordinary field theory, the ultraviolet-infrared (UV/IR) mixing 0. The basic 
mechanism for this occurence may be understood as follows. When an otherwise UV 
divergent loop integral is multiplied by a phase depending on both the loop momentum 
k and the external momentum p, e.g., exp(i/28 /lu k' J 'p u ), it may become UV convergent 
due to the rapid oscillation of the phase in the UV regime. However, this improvement 
of the UV convergence is effective only for a nonvanishing external momentum (or more 
precisely for a nonvanishing NC momentum p^ = 9^ v p u ). The hidden singularity from 
the UV loop momentum will reappear as a new form when the external momentum goes 
to the IR limit. Depending on the degree of divergence of the loop integral, this NC IR 
singularity may be pole-like, logarithmic, etc. 

The above NC IR singularity, especially the pole-like one, may cause serious problems 
in NC field theory. It leads to a drastic modification to dispersion relation at low energy 
in perturbation theory which may make the theory not well-defined in the IR. When going 
beyond one loop level it may destroy or at least make unclear the renormalizability of the 
theory. Indeed, most of explicit model analyses made so far are restricted to the one loop 
level and their renormalization is considered for nonexceptional NC external momenta 
— 0. For exceptional ones we would have to choose a different subtraction scheme. 
The real 4 theory has been examined at two loops [10], but again the main concern is 
with the UV regime of loop momenta for nonexceptional NC momenta. For complex 4 
theory with spontaneous symmetry breaking the IR behaviour becomes important as it 
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is related to the issue of whether the Goldstone theorem still holds true on NC space- 
time, namely, whether the masslessness of Goldstone bosons is stable against radiative 
corrections. This is a starting point to all attempts of realistic model building including 



weak interactions [11 1. The complex U(N) a model has been studied in this context at 
one loop in Refs. and it was found that there are no NC IR singularities at all 

in the self-energy of Goldstone bosons so that their masslessness is guaranteed at this 
order: both pole-like and logarithmic ones are cancelled in the mass correction due to the 
delicate relations governed by the spontaneously broken symmetries as occuring in the 
commutative theory. This is a surprising result since the scalar theory is UV quadrati- 
cally divergent. It would be highly desirable to investigate whether this is a special feature 
at one loop, or more importantly whether NC IR singularities at higher orders, if any, 
endanger the masslessness of Goldstone bosons making the theorem no longer valid on 
NC spacetime. Naively speaking, this should not be surprising if it occurs. Beyond one 
loop, the would-be NC IR singularities for external momenta at one loop now appear 
as an internal part of higher loops; it is not clear whether they persist to be cancelled. 
Even worsely, they may combine with remaining massless Goldstone bosons to enhance 
the IR behaviour in external momenta. It is the purpose of the present work to clarify 
these problems by an explicit two loop analysis. Our main results may be summarized 
as follows. At two loop level, there are no IR terms more singular than p 2 lnp 2 , and indi- 
vidual stronger singularities at intermediate steps are finally cancelled due to symmetry 
relations. The Goldstone bosons thus keep massless and the Goldstone theorem holds 
valid at this order in perturbation theory. We also point out the difference between the 
NC singularity in the limit of 9^ — > and the NC IR singularity in the limit of p — > 0. 
For the self-energies of Goldstone bosons obtained we have the NC behaviour of p 2 In 9 2 
and p 2 lnp 2 . While the latter is leading in the IR limit, both are singular in 9: we have 
NC singularities at higher orders independently of external momentum configurations. 

In the next section we describe the NC U(N) linear a model, whose Feynman rules 
are reproduced in appendix A. Then we present a detailed two loop analysis in section 3. 
Some examples of two loop integrals involving 9^ are shown in appendix B. We conclude 
in the last section. 
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2 The model 

We follow the same conventions as in Ref. || in describing the NC U(N) linear a model. 
The complex scalar $ is in the fundamental representation of U(N) with 

C = (9 M $)U^$ + ^ 2 $U$- A$* (2) 

The spontaneous symmetry breaking is triggered by the non-vanishing scalar VEV, as- 
suming fi 2 , A > 0, 

$ = + 00, 

= (tti, • • • ,7rjv-i, (o- + i7r )/\/2) , (3) 
O = (0,...,0,v/V2) T , 



with v — y /i 2 / A. The a field is the Higgs boson with mass m = \Jl\v 2 and the ttq and 
7fi(i = I, . . . , N — I) fields are the real and complex Goldstone bosons. We have ignored 
other possible orderings of interaction like $| * $J * * $j which are problematic already 
at one loop @ . In terms of the shifted fields, we have 

~Xva(a 2 + tt 2 + 271-!^) 

-a (4) 

-A ^(T 2 vro - -an an + (cr 2 + ^0)^^ 
-\i[a, vrolvrjvrj, 

where we have suppressed the star notation and dropped terms which vanish upon inte- 
gration over spacetime. The perturbation theory is based on the above Lagrangian. The 
one loop calculation has been done in Refs. f|[f|. We now proceed to consider two loop 
contributions in the next section. 



3 Two loop contributions 

There are three sets of contributions at two loop level: bare two loop diagrams, one loop 
diagrams with one insertion of counterterms determined at one loop, and the counterterms 
determined at two loops. It is clear that the third causes no IR problem. We start with 
the second which is just a one loop calculation. 



4 



3.1 One loop diagrams with one insertion of one loop counter- 
terms 

The contributing diagrams are shown in Figs. 1 and 2 where the solid and dashed lines are 
for er and 7To,j fields respectively. As we are explicitly including the tadpole contributions, 
we shall not impose the requirement of tadpole cancellation, nor introduce a counterterm 
for the VEV. The counterterms for the self-energies are respectively, 

vr , tc j : z[p 2 ^ - m 2 5 n ] , . 

a: t[{p 2 - m^SZ^ - m 2 S a }. {0> 

The vertex counterterms are obtained simply by attaching a factor of 5Z\ to their Feynman 
rules. The quantities 5Z^x, 5^ a are renormalization constants whose details may be found, 
e.g., in Refs. ||. For our purpose here, it is sufficient to know that 

8<t - tin = 8Z X - 5Z0, (6) 

which arises due to their different mass and renormalization. 




(b) (c) (d) 




(/) (g) (h) 

Fig. 1: 1PI contributions to 7r or ttj self-energy. 




(a) (6) (c) (d) 

Fig. 2: Tadpole contributions to ttq or ttj self-energy. 



5 



Let us first consider the part proportional to 5Z$. We have, 

[(la) + (16) + (lc) + (2a) + (26)]^ = ( one loop result ) x (SZ^), (7) 

which is free of NC IR singularities according to Refs. HQ. The remaining SZ^ depen- 
dence will be given below together with that of 5Z\. Next, consider the part proportional 
to bZ\. We have similarly, 

[(le) + (1/) + (lg) + (2c) + (2d)] = ( one loop result ) x SZ X , (8) 

which again is safe. The remaining 5Z^ and 8Z\ dependence is, 

[(ld) sz ^ + (lh)] = Xm 2 (5Z x -5Z^) 

f 28 tj [J(0,m) + •••], forTrJ^ (9) 
\ [J(0,m) + J $jP (0,m) H ] , for 7T 7r 

where the dots stand for the terms which are both UV (loop momentum) and IR (external 
momentum) finite. Following Ref. || we have introduced similar notations for integrals, 

Tfn\ - f d * k 1 T <W - f d ' k cos ( 2kA P) 

[ ' - J (2vr) 4 (£; 2 ) 2 ' 9A ' ~ J (2tt) 4 (P) 2 ' 

f d 4 k 1 r d A k cos(2fcAp) 

j(m) = y K ^-^ ' e,p(m) = J ^? ' ( } 

J(0,m) = / =r-, JeA ' 171 



, (2nyk 2 (k 2 -m?y °' p " ' y 7 (27r) 4 P(£; 2 -m 2 )' 
Our manipulations will be independent of schemes used to regularize divergences in the 
above integrals. Now we compute the 5 CTiVr terms and obtain, 

Sij2J{0) 

[j(o) + j e , P m 

Sij2J(m) 
[J(m) + J fl ,p(m)] 

<%2[J(0,m)- J(0)] + -.- 1 J 

[ J(0, m) - J(0) + J e , p (0, m) - J fl , p (0)] + • • • 
<%2[J(0,m)- J(m)] + --- 
[J(0, m) - J(m) + J(9, p (0, m) - Je, P {rn)] H 



[(la) + (2a)^ 


= +Am 2 ^ 


[(16) + (2% CT 


= — \m 2 5 a 


(lc)*, 


= +\m 2 8 % 


(l<0f„ 


= —Xm 2 5 a 



Using eqn. (H), the IR singularities are cancelled in the sum of eqns. (||) and (|TT|) leaving 
behind an IR safe result proportional to p 2 . 

3.2 Two loop diagrams 

Now we calculate the genuine two loop contributions. The 1PI diagrams are depicted 
in Figs. 3 and 4 where we only show topologically different graphs with the solid line 
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representing all scalar fields. The number appearing as a subscript refers to the number 
of diagrams actually involved. 




(0)9 (6)5 (c)a 

Fig. 3 Two loop IPI contributions to a tadpole. 



[ate 



(c)< 



(d) t 






(e)i (/) 4 (9)2 (h) 8 

Fig. 4: Two loop IPI contributions to 7r or ttj self-energy. 



The IPI a tadpole is found to be, 



iT iPi 



2 r d 4 h r d 4 k 2 , , 

lXv i J2^J (2^ m) ' 
T a + T b + T c , 



(12) 



where, using the notations D m (q) = (q 2 — m 2 ) 1 , D(q) = (q 2 ) 1 and K u = cos(2/c! A k 2 ) 
we have, 



T a = + [?>D 2 m {k 1 )D m {k 2 ) + D 2 {k l )D{k 2 )}{2 + K 12 ) 
+ [3D 2 m (k 1 )D(k 2 ) + D 2 {k l )D m {k 2 )}{2 ~ #12) 
+(N - l^QDKk^Dih) + AD 2 (k 1 )D(k 2 ) + 2D 2 {k 1 )D m {k 2 )} 
+4(N- l)ND 2 (h)D(k 2 ), 

T b /m 2 = +[21/2D 2 m {k x )D m {k 2 )D m {k x + k 2 ) + 3/2D 2 m (k x )D(k 2 )D(k x + h) 
+D 2 {k l )D{k 2 )D m {k 1 + fc 2 )](l + K 12 ) 

+ (N - l)[QD 2 m {k 1 )D(k 1 + k 2 ) + 4D 2 (A; 1 ) J D m (A; 1 + k 2 )}D(k 2 ), 



(13) 



(14) 
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T c = +[3D m (k 1 )D m (k 2 ) + D(k 1 )D(k 2 )]D m {k 1 + k 2 ){l + K 12 ) 

+4(iV - l)D(k 1 )D(k 2 )D m (k 1 + k 2 ). ^ } 

Note that we can have 9 dependence beyond one loop even if the external momentum 
vanishes since there are independent loop momenta which can combine with the antisym- 
metric 9fj, v . The result will depend on it through 9 2 = 9^9^ , etc. As long as we do not 
use the Lorentz covariance to choose a specific frame for external momenta, we can always 
treat 9 in integrals as if it were a Lorentz tensor. 

Upon choosing loop momenta properly in some integrals, the 1PI self-energy of the 
charged Goldstone bosons n^TTj is found to be, 



U(k hP ) = ]T[/ X , 



U b /m 2 = + [9/2D 2 m (k 1 )D m (k 2 )D m (k 1 + k 2 ) + l/2D 2 m (k 1 )D(k 2 )D(k 1 + k 2 ) 
+D 2 (k 1 )D m (k 2 )D(k 1 + fc 2 )](l + K 12 ) 
+2(N-l)D 2 m (k 1 )D(k 2 )D(k 1 + k 2 ) 
+4ND 2 (k 1 )D m (h)D(k 1 + k 2 ), 



U g /m 4 = +6D m (k 1 )D(k 1 +p)D m (k 2 )D(k 2 +p)D m (k 1 -k 2 )(l + K 12 ) 
+AD m (k 1 )D(k 1 +p)D(k 2 +p)D m (k 2 )D(k 1 + k 2 +p)K 12 , 



(16) 



U a = +[D 2 m {k 1 )D m {k 2 ) + D 2 (h)D(k 2 )}(2 + K 12 ) 
+[D 2 m (k 1 )D{k 2 ) + D 2 (k 1 )D m (k 2 )}(2 - K 12 ) 
+2(N-l)[D 2 m (k 1 ) + D 2 (k 1 )]D(k 2 ) (17) 
+2N[D 2 (k 1 )D m (k 2 ) + D 2 (k 1 )D(k 2 )] 
+4N 2 D 2 {k 1 )D{k 2 ), 



(18) 



(19) 



Ujm A = +D 2 m {k 1 )D{k 1 +p)[9D m {k 2 )D m {k 1 + k 2 ) 
+D(k 2 )D(k 1 + k 2 )](l + K 12 ) 
+4D 2 (k 1 )D m (k 1 +p)D m (k 2 )D(k 1 + k 2 ) 
+4(iV - ^DKk^Dih + p)D(k 2 )D(k 1 + k 2 ), 

U d /m 2 = +2D 2 m (k 1 )D(k 1 +p)D m (k 2 )(2 + K 12 ) 
+2D 2 m {k l )D{k l + p)D{k 2 ){2 - K 12 ) 

+2D 2 {k 1 )D m {k 1 +p)[D m {k 2 ) + D{k 2 )} (20) 

+4(N-l)D 2 m (k 1 )D{k 1 +p)D(k 2 ) 

+4ND 2 {k 1 )D m (k 1 +p)D(k 2 ), 



U e /m 2 = +2D m (k 1 )D(k 1 +p)D m (k 2 )D(k 2 +p)(l + K 12 ), (21) 

U f = +[D m (k 1 )D m (k 2 ) + D(k 1 )D(k 2 )]D(k 1 + k 2 -p)(l + K 12 ) 
+2D m (A; 1 ) J D(A; 2 ) J D(A; 1 + k 2 - p)(l - K 12 ) 
+4[(N - l)D(h)D(k 2 ) 
+D(k 1 + p)D(k 2 + p)K 12 ]D(k 1 + k 2 +p), 



(22) 



(23) 
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U h /m 2 = +D m (k 1 )D(k 1 +p)[QD m (k 2 )D m (k 1 + k 2 ) + 2D(k 2 )D(k 1 + k 2 ) 

(24) 



+4D m {k 2 )D{k 1 + k 2 +p)](l + K 12) 



+8D m (k 1 )D(k 1 + p)[(N - l)D{k 2 )D(k 1 + k 2 ) 
+D(k 2 -p)D(k 1 + k 2 -p)K 12 }. 

Although the 1PI self-energy of the neutral Goldstone boson ir has the same set 

of diagrams as the charged one, it becomes more complicated due to multiplications of 

trigonometric functions involving the loop and external momenta and 9. To simplify our 

analysis of the NC IR behaviour, it is useful to cast these products into standard forms. 

For the self-energy at two loops, we have three independent momenta in the integrand, 

ki, k 2 andp so that we can form two independent combinations with 9, 2k\Ak 2 and 2k\Ap. 

(2k 2 Ap is not independent as it can be obtained from 2ki Ap by k\ <-> k 2 .) We find that it 

is always possible by shifting and interchanging loop momenta properly so that the only 

9 dependence in integrands enters through either the above K 12 or K 1 = cos (2 A; i Ap). For 

example, the simple-looking Fig. 4(e) in this case involves the following product, 

cos(p A fci) cos(p A k 2 ) 

x{2cos(/ci A k 2 ) cos[(/ci + p) A (k 2 + p)\ - cos[(/ci + k 2 ) Ap]} 

= 1 /4{cos(2A;i A k 2 ) + cos[2A;i Ak 2 + 2{k\ — k 2 ) A p] (25) 

+ cos[2(/ci + p) A k 2 ] + cos[2(/c 2 + p) A h] 

+ cos[2(A;i - k 2 ) A p] - cos[2(fci + k 2 ) A p]}, 

where the five non-standard forms may be transformed into the standard ones, e.g., 

cos[2A;i Ak 2 + 2(ki - k 2 ) Ap] — > K 12 , with h — > —ki - p, , , 

cos[2(/ci + k 2 ) A p] — > Ki, with k x — > —k\ - k 2 . ^ ' 

After this manipulation, the expression for the 1PI 7To self-energy becomes very lengthy 
though it has a simpler structure in 9, 



h 



(27r) 4 7 (2ttY 



(27) 



v(ki, P ) = 



V a = +D 2 m {k 1 )[D m {k 2 )2{2-K 1 + K l2 )-D m {k 2 +p)K l2 ] 
+D 2 m (k 1 )[D(k 2 )2(2 -K x - K 12 ) + D(k 2 +p)K 12 ] 
+D 2 (k 1 )[D m (k 2 )2(2 + K ± - K 12 ) - D m {k 2 +p)K 12 ] 
+D 2 (k 1 ) [D(k 2 )2(2 + K ± + K 12 ) + D{k 2 + p)K l2 ] (28) 
+2{N - 1){[D^(A; 1 )(2 - K,) + D 2 {k l ){2 + X 1 )] J D(A; 2 ) 
+D 2 {k 1 )[D m {k 2 ) + D{k 2 )]} 
+4(N -l)ND 2 (h)D(k 2 ), 
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V b /m 2 = +9/2D 2 m (k 1 )[D m (k 2 )D m (k 1 + k 2 )(2-K 1 + 2K 12 ) 
-D m {k 2 + p)D m (h + k 2 + p)K 12 ] 
+l/2D 2 m (ki)[same as above except m — > 0] 
+D 2 (k 1 )[D m (k 2 )D(k 1 + fc 2 )(2 + + 2X 12 ) (29) 
+D m (A; 2 + p)D(k 1 + k 2 + p)K 12 ] 
+2(N-l)[D 2 m (k 1 )D(k 2 )(2-K 1 ) 
+2D 2 {k 1 )D m {k 2 )]D{k 1 + k 2 ), 

V c /m A = +9/AD 2 m (h)D(k 1 + p){D m (k 2 )D m (h + h)2(l + K ± + K 12 ) 
+[D m (k 2 + p)D m (k 1 + k 2 +p) + (p^ -p)]K 12 } 

+l/2D 2 (k 1 )D m (k 1 + p){same as above except m — > in each 2nd D} 
+l/AD 2 n (k 1 )D(k 1 +p){same as above except all m — > 0} 
+2(iV - ^DK^Dih + p)D(k 2 )D(k 1 + fc 2 )(l + #i), 

(30) 

\/,/m 2 = +D^(A; 1 ) J D(A; 1 +p){[ J D m (A; 2 )(2 + 2K 1 + K 12 ) + J D m (A; 2 +p)K 12 ] 
+[L>(£; 2 )(2 + 2AT! - tf 12 ) - D(A; 2 + p)K 12 }} 

+D 2 {k l )D m {k l +p){[D m {k 2 ){2 + 27^ - K 12 ) - D m {k 2 +p)K l2 ] (31) 
+ [D(k 2 ){2 + 2K X + tf 12 ) + D{k 2 +p)K 12 ]} 

+2(N - ^{DKk^Dih +p) + D 2 (k 1 )D m (h + p)}D{k 2 ){\ + KJ, 

V e /m 2 = +[D{k 1 +p)D m {k 1 ) + D{k 1 )D m {k 1 +p)] 

x [D(k 2 + p)D m (k 2 ) + D(k 2 )D m (k 2 + p)]K l2 (32) 
+£> m (fc 2 )[£>(fc 2 +p) - D{k 2 -p)]D m (fci + fc 2 )Z>(fci + k 2 +p)K u 

V f = +{D m (h+p)D m (k 2 )D(k 1 + k 2 )(3-AK 12 ) 

-2[D m (h)D m (k 2 + p) + An(&i + p)D m (k 2 )]D(k 1 + fca)^ 
+2D(fc 1 )£> m (fc 2 )£> m (fc 1 + k 2 - p)K x 
+[2 J D m (A; 1 ) J D m (A; 2 ) + 2 J D m (fc 1 - p)D rn (k 2 + p) 

+ J D m (/c 1 + p)L> m (A; 2 + + k 2 + p)K 12 } (33) 

+l/3{same as above except > + in first two lines 

and all m — > 0} 

+2(iV - l)£)(fc 2 )[£)(A;i + p)£)(fci + fc 2 ) + D^Dih + k 2 - p)^] 
+2(N - l)D(k 2 )[D(k l +p)D m (k 1 + k 2 ) - D^k^Dih + k 2 - p)^}, 

V g /m A = +3/2{D m (k 1 )D(k 1 +p)D m (k 2 )D(k 2 +p)D m (k 1 -k 2 )(l + K 1 + K 12 ) 
+[D m (k 1 +p)D(k 1 )D m (k 2 )D(k 2 +p)D m (k 1 + k 2 +p) 
+D m (k 1 )D(k 1 + p)D m {k 2 + p)D(k 2 )D m (k 1 + k 2 +p) 
+D m (h - p)D(k 1 )D m (k 2 - p)D(k 2 )D m (k 1 - k 2 )]K l2 
+[D m (k 1 )D(k 1 +p)D m (k 2 )D m (k 1 - k 2 ) {6 ' 

+D m (h + k 2 )D(h + k 2 +p)D m (k 2 )D m (k 1 )]D(k 2 +p)K 1 } 
+ l/2{same as above but interchanging masses in 
3rd and 4th D and m — > in 5th D}, 
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V h /m 2 = +3{D m (k 1 )D(k 1 +p)D m (k 2 )D m (k 1 + k 2 )2(l + K 1 + K 12 ) 

+D m {k 1 )D(k 1 +p)[D m (k 2 +p)D m (k 1 + k 2 +p) + (p^ -p)]K 12 
-[D m (k 2 )D(k 2 +p)D m (k 1 )D m (k 1 + k 2 ) + (k 2 -> -h - k 2 )]K 1 
-D m (ki - p)D(k 1 )[D m (k 2 )D m (k 1 + k 2 -p) + (k 2 -^k 2 + p)]K 12 } 
+{same as above except m — > in 3rd and 4th D 

and > + in last two lines} (35) 

+2{D(k 1 )D m (k 1 +p)[D m (k 2 -p)D(k 1 + k 2 -p)-(p^ -p)\K 12 

+D(h - p)D m (k 1 ) [D m (k 2 )D(k 1 + k 2 -p) + (k 2 ^k 2 + p)]K 12 

+ [ J D m (A; 2 ) J D(A; 1 ) J D m (A; 1 + A; 2 +p) 

+D m {k 1 )D{k 2 )D m {k 2 + p)]D(k 1 + k 2 )Ki} 

+A(N - l)D m (k 1 )D(k 1 + p)D(k 2 )D(k 1 + k 2 ){\ + K 1 ). 

Including the tadpole contributions, we have the self-energies for Goldstone bosons, 

<E y (p) = ^%J^JpyM^p)-nh)}, 

^oo(p) = ^ 2 J^J^yAnh,p)-T(k t )}, 

which have the following structure in 9, 



d A h r d 4 k 
pm)~ 4 J J^) 

iSoo(p) = i\ 2 J j^-ji J j^^[g (ki,p) + g 1 (k i ,p)K 1 + g 12 (ki,p)K 12 ], 



iEij(p) = t\ 5ij [ -— -—[f {ki,p) + f l2 {ki,p)K 12 ], 

d 4 k x r d 4 k 2 [6n 



where all 9 dependence resides in K factors. A crucial observation from the above explicit 
expressions is that all form factors / and g vanish at p = so that we are effectively 
subtracting at p = for each form factor when doing integrations, 



i^ijip) = i\ 2 5ij J J ^u[fo(ki,p) + fi2(ki,p)K 12 \, 

f d 4 k f d 4 k 

iS 00 (p) = i\ 2 J -^—^ J j^-^[go(k,p) + gi(k i ,p)K 1 + g 12 (ki,p)K 12 ], 



where fo(h : p) = f (h,p) - /o(^,0), g (h,p) = go(h,p) - go(h,0), etc. This cancella- 
tion in the 9 independent and Ki 2 structures between the 1PI and tadpole contributions 
originates from symmetry relations among vertices summarized in the Ward identities. 
The vanishing of gi(ki, 0) is a feature of the 1PI part alone which fits in the requirement 
of the Goldstone theorem to be verified here. All of this also serves as a good test of the 
correctness of the calculation. 

Now we proceed to consider the NC IR behaviour in the total self-energies. The f and 
go terms are independent of 9, proportional to p 2 as in the commutative theory and thus 
IR safe. The 9 dependent terms are proportional to some factors quadratic in p due to 
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the subtraction, but in principle not necessarily to p 2 . With the constant antisymmetric 
tensor 9^ v , we may construct symmetric and antisymmetric ones by contraction, e.g., 
@?tv = ®w®v p i which may be used to build new NC momenta like p^ = 9 2 l/ p u . Thus the 
proportionality factors can be p 2 , p ■ p = p 2 , etc. The task here is to show that negative 
powers of these scalars never appear in the final results so that the IR safety is guaranteed 
in the self-energies. We shall show that the above quadratic p factors will be multiplied 
by a leading factor of order ln9 2 or Inp 2 . (The p 2 Inp 2 behaviour is not new as it already 
appears in commutative theory.) Thus the self-energies are IR safe but cannot go to the 
commutative limit smoothly. 

Generally speaking, an integral with K\ or K\ 2 will be IR safe in the external mo- 
mentum if it is already convergent both superficially and in subgraphs without these 
factors. For divergent integrals either superficially or in subgraphs, we must be care- 
ful. Let us first consider the K 12 term. We shall demonstrate our calculation by some 
typical terms in fi 2 (ki,p). The case of g 12 is similar but much more complicated due 
to the momentum shifts which introduce p in many propagators. Using Ai{p)A 2 {p) = 
A 1 (p)A 2 (p) + A 1 (p)A 2 (0), etc, we can always subtract sequentially, so that the only com- 
plication in gi 2 lies in the polynomial p dependence of Feynman parameter integrals. 
Concerning j\ 2 , the contributions from Figs. (4a) and (46) are cancelled by those of the 
tadpole. Fig. (4g) is finite superficially and in subgraphs without K± 2 and is thus safe. 
The most dangerous is Fig. (4d) which has a quadratically divergent subgraph, which in 
turn may transmute into a pole-like singularity in the external momentum. Fortunately, 
this quadratic divergence is cancelled between the a and 7r contributions proportional to, 

I^-J 0f D ^ k ^ D ^) ~ D(k 2 )]D(k 1+ p)K 12 . (39) 

When computing loop integrals, we always work on Euclidean spacetime to simplify their 
analytic property. (Now D m (k) = (k 2 + m 2 ) -1 .) Finishing the k 2 integral using I\ in 
appendix B, we have, 

integral = -2m 2 (4ny 2 £ dx J ^^D 2 m (ki)D(ki +p)K (v ttf] • (40) 

There are preferred directions defined by p^ and 9^ u . To avoid complicated angular 
integration, we have to make some simplifying assumptions which should not alter the IR 
singularity drastically. As 9 2 is symmetric and semi-positive definite on Euclidean space, 
it may be diagonalized by an orthogonal rotation. We assume that it has a four-fold 
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degenerate eigenvalue of i] 2 , i.e., 6 2 = rj 2 S^ u with r\ > a small area scale characterizing 

~ 2 

NC. Then, ki = r\ 2 k\ and the angular integral is much simplified, 



/ dVL A (kx + p)~ 2 = Att [ duo sin 2 u \k\ + p 2 + 2 J k\p 2 cos lu] 1 
J Jo. v 

1A 2 (A; 2 > p 2 ) ( 41 ) 

1/p 2 (A; 2 < p 2 ) • 



= 2tt 2 



Including the subtraction D(ki) term, we are thus integrating over k\ G [0,p 2 ]. Note that 
this seems to be a special feature of angular integrals in four dimensions. For p 2 <C m 2 , 
we have for the dominant p dependent part, 



rl r-p 2 

integral m m~ 2 (47r)~ 4 I dx I dk\ k\ 

Jo Jo 

« -2- 1 (Air)- A m- 2 p 2 \n(r 1 2 m 2 p 2 )] 



1 1 

p 2 k\ 



\n{xm 2 r} 2 kX) ^ 



which indeed vanishes as p — > but singular as 9 — > 0. Integrals in Fig. (4e) can be 
similarly computed to arrive at the same conclusion. 

Let us now consider the case when the two loop momenta are overlapping. For exam- 
ple, Fig. (4/) contains the following integral, 

IWfi W¥ D(kl + k2 ) D ^2)D m (h+ P )K 12 . (43) 
First finish k 2 integral using I 2 in appendix B, 



integral = J —-D^^+p) 



x 



(27 ( 

2(4tt)' 2 £ dx K ^J(l - x)(k 2 x + m 2 )k\ 2 



(44) 



where the cosine factor disappears due to k± ■ k\ = 0. We are interested in the small p 
limit, 



D m (ki+p) = D m (ki) [-2ki ■ pD m (k 



(45) 



-p 2 D m (h) + 4(fcx • pfDlik,) + 0(p 3 ) 
The first term vanishes since we cannot make up a vector out of 9^ u and 5^ v . It also 
vanishes by the k\ — > — fci symmetry. The third term is an integral involving ki^k lv which 
may be simplified as follows. The result of the integral is composed of the 5 M „, 9^, 9 2 „ : 
9^ u , ... terms, where odd products of 9 actually cannot appear due to symmetry. As we 
are also interested in the small 9 limit, the 9 2 and higher terms may be dropped; namely, 
we may replace ki^k^ by A; 2 <5 M ^/4. For 9 2 = rfS^, the above argument becomes exact 
since only one structure 5^ u is possible. We continue to work in this assumption so that 
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the angular integration may be finished explicitly. Together with the second term, we 
have D m (ki + p) — > —m 2 p 2 Df n (ki). To help identify the relevant integration region, we 
first rescale r\k\ = y so that a small rj will not interfere with a large k\ in K . We have, 

integral « -2(4ir)- 4 p 2 e J dy y(y + e)~ 3 jf drr iT ^(1 - rr)(rry + e)?/) , (46) 

with e = m 2 ^. As ii'o decays exponentially at a large argument and explodes at a small 
one, only the latter region is important. After some calculation, we obtain the following 
leading term, 

integral « 2" 1 (4tt)"V ln(mV), (47) 

which is IR finite but singular as 9 — > 0. Fig. (46) in the neutral Goldstone case is 
convergent without the i^i 2 factor after it is once subtracted at p — 0, and thus safe in 
the IR limit. Figs. (4c, /i) are similarly done. More examples of integrals, especially those 
appearing in Figs. (4a) with many massless propagators that may cause an IR problem 
in the virtual loop momentum, are given in appendix B. 

The neutral Goldstone boson self-energy has an additional contribution containing 
K\. Since K\ involves only one of the loop momenta k±, there is a big difference between 
overlapping and non-overlapping integrals. For the latter, it is easy to identify the leading 
singular terms since they are essentially a product of two one-loop integrals. Fig. (4d) 
belongs to this category. For example, consider the integral, 

/ ^Drni^DUhMh+p)^. (48) 

It is quadratically divergent in k 2 as in commutative theory, which is not harmful at all 
to the Goldstone theorem. It is also regular and vanishes in the NC IR limit. For the 
overlapping case, let us begin with an integral appearing in Fig. (4c), 

IWfl ^ D2 m (ki)D m (h)D m (h + **)£>(*! (49) 

Integration over k 2 gives a usual logarithmic UV divergence plus a In k\ term. However, 
the resulting k\ integral is again regular and vanishes in the limit of p — ■> 0. Fig. (4e) is 
proportional to the following integral, 



f d^k x f d 4 k 2 , , ,, , 




x [D(k 2 -p)- D(k 2 + p)}D(h + k 2 - p)K x . 



14 



It becomes, using I 2 in appendix B, 

integral = 2(4.)-/ dx K (^(1 - x)( m > + P w) 



(51) 

/ S^(^)[^(^2-p)- J D(A; 2 +p)]cos(A; 2 -p), 



rf 4 fc 2 
(2tt)< 

which vanishes by fc 2 — > — A; 2 . 

Now consider overlapping integrals arising in Figs . (4/, h) which are nontrivial in the 
NC IR limit. For example, Fig. (4/) contains the following one, 

^ / $^ D ^ D ^ h + k)An(fc2+p)*l 
2(47r) " / §^ Dm{h+P) (52) 



^ cfe ir (^ + (l-,»p») cos(^ 2 ■ p). 



Note that only the small fc 2 region is important for 1£q where the cosine factor may be 
ignored for the leading term. A similar calculation to eqn. (f44"D leads to, 

integral « 2 _1 (4tt)~V ln(m 2 p 2 ). (53) 

And for the purely massless case, we obtain, 

d 4 ki f d A k 



W i - yDMDfr+WDfa+p)* (54) 
« 2- 1 (47r)-y ln(p 2 p 2 ). 

Integrals from Fig. (4h) can be similarly computed whose results are presented in ap- 
pendix B. Figs. (4a, 6) have no contributions containing K\ after subtraction while Fig. 
(4g) is regular in the limit of p — ► 0. 

4 Conclusion 

The scalar theory is UV quadratically divergent whether or not its symmetry is sponta- 
neously broken. On NC spacetime this virtual UV quadratic divergence may transmute 
into a pole-like IR singularity in external momenta. If this occurence persists in scalar 
theory with spontaneous symmetry breaking, it may spoil the validity of the Goldstone 
theorem which is utilized to generate mass through the Higgs mechanism when the sym- 
metry is gauged. On naive grounds there is no reason why this should not happen. This 
is especially the case when one goes beyond one loop level where the richer structure in 
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the NC parameter 9^ u may produce NC IR singularities not appearing at one loop || |J 
and the singularities may even be enhanced by virtual massless Goldstone bosons in the 
extra loop. 

We have made a complete analysis of the above problem at two loop level by studying 
the self-energies of the Goldstone bosons in the NC U(N) linear a model. We found that 
the integrands in loop integrals have three types of 9 dependence, i.e., 9 independent, 
involving the two loop momenta (K 12 = cos(2A;i A k 2 )), and involving one loop and one 
external momentum (K\ = cos(2/c! Ap)). Our crucial observation is that the form factors 
of the above structures vanish in the limit of p — > 0. This implies that they are effectively 
once subtracted at p = 0. The subtraction arising from symmetry relations in 1PI and 
tadpole contributions cancels the most singular terms that are harmful to the theorem 
leaving behind a result proportional to a quadratic form in p. We have computed in 
detail the leading terms in the coefficients of the above form. We observed that delicate 
cancellation also occurs between the Higgs and Goldstone bosons that prevents harmful 
terms in the coefficients. The masslessness of virtual Goldstone bosons is not a problem; 
its IR behaviour can always be separated from the one induced by NC. The final leading 
IR terms in the Goldstone self-energies induced by NC are of order p 2 ln# 2 and p 2 Inp 2 so 
that the Goldstone theorem still holds true at two loop level. Since the basic mechanism 
for this mild IR behaviour originates from symmetry relations amongst vertices of the 
Higgs and Goldstone bosons, it seems rather natural to expect that the theorem should 
also be valid beyond two loop level. On the other hand, the limit of 9 — > cannot be 
smooth at two loops and beyond, and this nonsmooth behaviour in 9 is not necessarily 
associated with the IR limit of the external momentum as we saw in the leading term 
p 2 \n9 2 from the K\2 part. 
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A Feynman rules 

For completeness, we list below the Feynman rules for the vertices in the noncommutative 
U (N) linear a model with the scalar field in the fundamental representation, which were 
first given in Ref. ||. All momenta are incoming and shown in the parentheses of the 
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corresponding particles. There are no changes in progagators. 



aa(pi)a(p 2 ) 

°" (Pi ) °" (P2 ) ^0 (P3 ) {PA ) 
^{Piy{P2yt{P^j{Pi) 
TTO (Pi) 7T (P2 ) VT+ (p 3 ) 7Tj (p. 1 



KPi) 7r o(p2)7r i f (p 3 )7r i (p, 

^ + (Pi ) (P2 ) VTfe (p 3 ) 7TZ (?< 



— i6At> C12 
—i2Xv C12 
—i2Xv8ij e 12 

— i2A(Ci2C34 + C31C24 + C23C14) 
— i2A(Ci2C34 + C31C24 + C23C14) 
— i2A(2Ci2C34 — Ci3 5 24) 

-i2X8ij ci 2 e 34 
-i2X5ij ci 2 e 34 
-i2X5ij si 2 e 34 

-i2A[5ifc5,-|ei 3 e24 + ^z^e^s] 



(55) 



where the following notations are used: p A q = 9^ v p^q u /2, Cij = cos(pj A pj), Sjj = 
sin(p i Ap J ), c iiiM = cos(piApj+p k Api), s ijM = sin(p; Apj+p k Api) and = exp(-ip; Ap,). 



B Some examples of two loop integrals involving 6 

We work on Euclidean spacetime where the integrals have a simpler analytic property. 
We start with the one loop integrals that have been computed by many authors in the 
literature. 



h{p 2 ,m) = ji 



4-n 



d n k 
(2ir) n 



(k + m ) cos(/c • p), 



(56) 



where p M will be identified later with O^q" with q a loop or external momentum. Using 
the Schwinger parameter integral to exponentiate the denominator, completing the square 
and shifting k, we have 

roc r d n k 

Ii = J da a p 4 ~ n J exp[— a(k 2 + m 2 ) + ik ■ p] 



2(4tt 



da aexp 

da aexp 
4np z 1 



am 



am 







4a 


i 










4a 




1 


,/2 



.4— n 



// 



4-n 



d n k 
(2tt)" 



exp[— ak 2 



(57) 



(4vra) n / 2 



2 -\/m 2 p 2 



K n/2 -2Um 2 p 2 ) } 



m 2 2 

where the remaining parameter integral has been expressed in terms of the modified Bessel 



function JTJ] 

K u (t) 



2 \2J Jo 



da a 1 v exp 



—a — 



4a 



7T 



;u l', /| < -, Re t 2 > 0. 



(58) 
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For n = 4, we have 1\ = 2(4tc)~ 2 Kq^itl 2 p 2 ) which is finite except for p 2 — > since 
Kq(x) — > — lnx as x — > 0. This is the UV/IR mixing; the virtual UV singularity is regu- 
larized at the cost of introducing an IR singularity in the external momentum. Consider 
the case of m = 0. The virtual IR singularity in I\ may be regularized either by a small 
mass or working in n dimensions. In the latter similar calculation leads to 

h(p 2 ,0) = (4n)- 2 (np 2 p 2 ) 2 - n / 2 T(n/2-2) 



(Any 2 r(n/2 - 2) - ln(^V) + °( n / 2 ~ 2 ) 



(59) 



where the first term is the virtual IR divergence and the second is the would-be virtual 
UV divergence regularized by the non-vanishing external momentum p. More interesting 
is the case when p carries the momentum of a second loop involving massless particles so 
that the virtual IR singularity may be enhanced. Using the above result we also obtain, 

I 2 (p 2 ,m) = ^J—[(k + p)* + m*]-*coB(k.p) (6Q) 
= h(p 2 , m) cos(p ■ p). 

In the following we give the integrals appearing in Fig. (4a). We shall assume 6 2 = 
rfSfa, throughout for simplicity. 

Is(m,m) = f^Lf ^- A Dl{k x )D m {k 2 +p)K 12 

w 2- 1 (47r)-VMmV): 

which is computed using I\ and the argument employed to simplify the k\ integral in eqn. 
(f43|). Using I\ and eqn. (p|), we have 

w -2 _1 (4tt) ~ 4 p 2 \n(m 2 p 2 r] 2 ) . 



Now consider the integral, 

h(0,m) = /^/^NAra^. (63) 

This integral looks dangerous since there is a virtual IR singularity in k% due to massless- 
ness which may be mixed up with that coming from the k 2 loop to enhance the final IR 
singularity in p. The masslessness may be regularized either by a small mass or in dimen- 
sional regularization. In the first case, the result is obtained from ^(m, m) by setting the 
first m to be the small mass. It is clear that the two IR singularities are separated from 
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each other. In the second case, we proceed as follows. Using h(k 2 , 0) we have 



h(0,m) = J^D m (k 2 +p) 



' (64) 

x(4vr)- 2 r(n/2 - 2) - ln^ 2 ^ 2 ) + 0(n/2 - 2) , 

where the first and second terms are respectively from the IR and UV regions of k\. Only 
the second one is of interest here since the first is proportional to p 2 and thus does not 
affect our main arguments on the Goldstone theorem. Finishing the k 2 integral as before, 
we have the contribution from the small k 2 , 

J 3 (0,m) « 2- 1 (4tt)~V ln(/i 2 mV), (65) 

the same as we get from I 3 (m,m) using the small mass regularization. Withour giving 
further details, we have, 

«°' 0) = SwfS^ ^ 1 ^^^ (66) 
« -2 _1 (4tt) ~y ln(// 2 p 2 rf) + ■■■, 

where the dots are the usual terms in commutative theory that vanish in dimensional 

regularization. Following are the examples of integrals appearing in Figs. (4c, e, h) , 

h = J |^ / ^DUkjDU^DUh + k 2 )D(h+P)K 12 

« -2- 1 (Air) - 4 m- 4 p 2 ln(m 2 p 2 rf) , 
d 4 ki f d A k 2 



j2nY J J^Dmi^DUhMh + p)D(k 2 + p)K l2 (g7) 
-(47r)~ 4 m~y \n(m 2 p 2 r] 2 ), 

4fe / J^VMDMD^h + k 2 )D(h+p)K 12 
« -2~ 4 (47r) ~ 4 mT 2 p 2 ln(p 2 77) . 
In the following we list integrals involving i^i that arise in Fig. (Ah) and are nontrivial 
in the NC IR limit. 



d% 


f d 4 k 2 


(27T) 4 

1 (4tt)- 


J (2vr) 4 


- 4 m-y 


d 4 k x 


f d A k 2 


(2tt) 4 

1 (4tt)- 


J (2tt) 4 


-4 -2 2 
m p 


d% 


f d 4 k 2 


(27T) 4 

\An)~ 
d% 


J (2tt) 4 

- 4 m-y 

f d 4 k 2 



D m (k 1 )D m (k 2 )D m (k 1 + k 2 )D(k 2 +p)K 1 

l„/™2~2\ 



D^D^D^h + k 2 )D m (k 2 + p)K x 

l„/™2~2\ 



(68) 



D m (k 1 )D(k 2 )D(k 1 + k^D^h+p)^ 



(2tt) 4 7 (2tt) 
2^(47!-) ~ 4 m-y ln(p 2 p 2 ). 



D(k 1 )D m (k 2 )D(k 1 + k 2 )D(k 2 +p)K l 
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